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The Low-Energy Structure of Little Higgs Models 
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The mechanism of electroweak symmetry breaking in Little Higgs Models is analyzed in an effec- 
tive field theory approach. This enables us to identify observable effects irrespective of the specific 
structure and content of the heavy degrees of freedom. We parameterize these effects in a common 
operator basis and present the complete set of anomalous contributions to gauge-boson, Higgs, and 
fermion couplings. If the hypercharge assignments of the model retain their standard form, elec- 
troweak precision data are affected only via the S and T parameters and by contact interactions. 
As a proof of principle, we apply this formalism to the minimal model and consider the current 
constraints on the parameter space. Finally, we show how the interplay of measurements at LHC 
and a Linear Collider could reveal the structure of these models. 
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I. INTRODUCTION 

In the Standard Model (SM) of electroweak interac- 
tions no symmetry protects the Higgs boson mass from 
large radiative corrections. Various scenarios have been 
developed which address this problem by embedding the 
SM in a richer structure. Recently, a new class of models 
has been found (the Little Higgs models [1-3]) where the 
Higgs doublet is part of a multiplet of pseudo-Goldstone 
bosons. The Goldstone-boson multiplet is associated 
to the spontaneous breaking of a global symmetry at a 
scale A which is placed in the multi-TeV range, consid- 
erably higher than the electroweak scale v. Thus, A acts 
as a cutoff which separates the weakly-interacting low- 
energy range from a possible strongly-interacting sector 
at higher energies. The large value of A would explain the 
fact that no sign of such new dynamics has yet been de- 
tected in the low-energy observables which are presently 
accessible to us. 

Since the Higgs bosons have interactions with gauge 
bosons and massive fermions, the global symmetry can 
only be approximate, and the symmetry-breaking scale 
A cannot be arbitrarily high. Denoting the characteris- 
tic scale of the Goldstone multiplet (the analog of the 
pion decay constant) by F, there are order-of-magnitudc 
relations 



F/An ~ A/16tt 2 



(1) 



which should be satisfied if large fine-tuning of the pa- 
rameters is excluded. 

In the energy range between F and A, Little Higgs 
models are weakly-interacting models which contain, 



apart from the SM particles, extra vector bosons, scalars, 
and fermions. Their spectrum and interactions are ar- 
ranged in such a way that the symmetries force at least 
one of the pseudo-Goldstone bosons, the Higgs particle, 
to be light: m# = 0(v). The other new particles have 
masses of order F (up to several TeV) and therefore have 
not yet been observed directly in present experiments. 

Nevertheless, indirect effects of the virtual exchange 
of heavy particles affect the interactions of SM parti- 
cles. This fact has been used for computing the shifts to 
low-energy observables and thus to constrain Little Higgs 
models from precision data [4-8]. In the present paper, 
we derive the complete low-energy effective Lagrangian, 
using standard techniques of the effective-theory ap- 
proach. The Littlest Higgs model of Ref. [2] has all 
essential features and is thus well suited as a concrete 
example, which we adopt throughout the derivation. For 
each sector of the model, we also indicate the possible 
modifications that appear in the general case. 

After integrating out all heavy particles, the informa- 
tion on the specific model is encoded in the values of co- 
efficients of dimension-six operators. This not just allows 
for a very simple picture of the low-energy constraints, 
but gives us the opportunity to present the complete 
pattern of anomalous couplings in the gauge-boson, top- 
quark and Higgs sectors, which will be probed at future 
colliders. In the final section we make use of those re- 
sults and develop a strategy for reconstructing a complete 
model from data at a Linear Collider in combination with 
LHC. 



II. INTEGRATING OUT HEAVY FIELDS 
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To get a picture of the low-energy trace of a heavy 
particle, one may set up the theory in a path-integral 
formalism. For instance, for two interacting scalars ip, 
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where ip is massless, the generating functional of Green 
functions reads 

Z[j, J}= J X>$XVexp[i J dx(\{dy) 2 + ±(<9$) 2 



1 M 2 ® 2 - \<p 2 $ - . . . + J&+j<p) , (2) 



where the dots indicate additional terms in the scalar 
potential. The low-energy effective theory which is ap- 
plicable at energy scales E -C M, is obtained by set- 
ting the source J to zero (since $ does not appear as an 
asymptotic state) and formally integrating out the heavy 
field(s). In the example, this is achieved by completing 
the square, such that 



I(a$) 2 -lM 2 $ 2 -A^ 2 $ = 

-\^M 2 + d 2 w + ^-y 



}2 \ -1 



where 



* , = * + M* 1+ M*' * 



d 2 \-' 



(4) 



and evaluating the integral over which results in a 
trivial factor. The residual effective Lagrangian for ip 
contains virtual $ exchange encoded as (1 + 9 2 /M 2 ) -1 , 
which has to be expanded in powers of 1/M 2 and trun- 
cated at finite order. 

This method accounts for all tree-level effects, where 
terms higher than quadratic in $ are treated perturba- 
tively as operator insertions. In particular, book-keeping 
is simple even if $ gets a vacuum expectation value or if 
there is nontrivial mixing between heavy and light fields. 
At loop level, there are UV-divergent corrections to the 
coefficients in the effective Lagrangian which can system- 
atically be determined by appropriate matching condi- 
tions. In more general theories, there are also one-loop 
terms which stem from the expansion of the Jacobi deter- 
minant, if it depends on further light fields (e.g., gauge 
fields). 

In the context of the minimal SM, an experimental pre- 
cision at the per mil to percent level is consistent with a 
truncation of the expansion at order 1/M 2 , if M is in the 
TcV range. Thus, the appropriate effective Lagrangian 
of Little Higgs models is given by the SM, possibly ex- 
tended by extra light Higgs multiplets, and augmented 
by a small set of dimension-six operators [9-11]. Gener- 
ically, the squared ratio v 2 /M 2 of the electroweak and 
the new-physics scales is of the same order as 1/167T 2 , 
the prefactor of loop corrections. In the present context, 
this rough equality is dictated by naturalness. Further- 
more, while loop corrections involving only SM particles 
are important, loop corrections involving heavy fields are 
suppressed by additional powers of v 2 /M 2 . 

The exception to this rule are loop corrections which 
are quadratically divergent. The quadratic divergence of 



the SM Higgs mass is ameliorated to a logarithmic one 
by the matching conditions of Little Higgs models, such 
that it is proportional to M 2 /(Air) 2 ~ v 2 . However, for 
all operators of the form (h)h) n with n > 1, there is an 
uncancelled quadratic divergence which is cut off only by 
the unknown UV completion of the theory. The result is 
the well-known Coleman- Weinberg potential [12], which 
has UV-sensitive coefficients of order one at the matching 
scale. 

The generic suppression of radiative corrections which 
involve new particles is partly reduced by logarithmic en- 
hancement if some masses become exceptionally light or 
heavy. Such enhanced loop corrections can have a de- 
tectable effect on observables which are very precisely 
measured [5, 13]. However, we should keep in mind that 
there also unknown contributions from physics beyond 
the UV cutoff A. These can be encoded in dimension- 
eight operators and in corrections to the coefficients of 
dimension-six operators, and their effect may be en- 
hanced by the presence of new strong interactions in the 
high-energy range. Such terms are parameterically of 
comparable magnitude as the loop effects due to the new 
heavy particles [14]. Thus, if we do not want to be spe- 
cific about the UV completion, we can restrict our calcu- 
lation of the low-energy effects in Little Higgs models to 
the coefficients of dimension-six operators at tree-level. 



A. The Model 

In all Little Higgs models, the SM gauge group SU (2) x 
U(l ) is extended in a nontrivial way, so there are new 
heavy vector bosons in the spectrum which cancel the 
leading cutoff dependence in the Higgs self-energy After 
breaking of the high-energy symmetry, the heavy states 
arrange themselves as massive multiplets of SU(2) x U(l). 

Looking for low-energy effects, the interesting cases 
are triplets and singlets of SU (2) with zero hyperchargc. 
These vector-boson multiplets can directly couple to the 
SM fermions and mix with the SM vector bosons at lead- 
ing order. After integrating out all heavy fields, they in- 
duce dimension-six operators in the low-energy effective 
theory. In some models [3], the extended gauge sym- 
metry yields additional exotic multiplets of heavy vec- 
tor bosons (e.g., SU(2) doublets). Such states may be 
detected by direct observation at high-energy colliders. 
However, their virtual effects at tree level involve op- 
erators of dimension eight and higher only. As argued 
before, such terms are small and compete with the low- 
energy trace of the unknown UV completion, so we can 
consistently neglect them. 

The Littlest Higgs model [2] contains exactly one ex- 
tra triplet and one extra singlet of heavy vector bosons. 
The SM gauge group is the result of the simultaneous 
spontaneous breaking 



Sl/(2)i x SU{2) 2 -» SU(2) 
C/(l)i x U(l) 2 - U(l). 



(5) 
(6) 
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This setup is easily generalized to more complicated mod- 
els where multiple vector boson triplets and singlets may 
exist. In particular, some or all extra group factors could 
be part of a larger simple group. In that case, there are 
relations among the gauge couplings which restrict the 
allowed values of the mixing angles. Here, we will treat 
all gauge couplings as independent parameters. 

We denote the SU{2) and 17(1) gauge fields by A a ^ 
and B? (i = 1,2), respectively. In the Lagrangian, the 
triplet and singlet parts are coupled by the Goldstone- 
boson interactions: 



£ = £ 



(3) 



The gauge-field Lagrangians are 



— TrB> J\^ v - R M 7 (1) 
o — 2-j 2g'- 2 w * / . a i J t.u- 



Here, we define the matrix- valued field strengths as 



(7) 

(8) 
(9) 



Af = d^A" - d v Af 



■i[Ar, 



(10) 

(ii) 



with Af = 4f "I? and Bf = B^Y t (i = 1,2). 

The vector bosons couple to the fermionic triplet and 



singlet currents J, 



(3) 



i(3),»r 



and J^j (i = 1,2), re- 



spectively. The triplet current is the usual left-handed 
isospin current. This current can interact with one gauge 
field only. By contrast, each singlet vector field may cou- 
ple to its own fermion current, which has the general 
form 



r(i),M 



+ Vq.iQlYQl + Vu^urJ^ur + y^idR^dR 



(12) 



with a priori arbitrary U (1) charges t//^ [6, 7]. The usual 
hypercharges are obtained as the sum, 



Vf 



E 



Vf,i 



(13) 



Lagrangian is unaffected up to the order we are interested 
in. Nevertheless, the neutral component of a A R triplet 
can mix with the hypercharge boson, so we should treat 
it as a B^ boson which generates an extra 17(1) symme- 
try. We just have to keep in mind that at low energies, 
charged A R exchange induces an extra right-handed four- 
fermion contact interaction. 

Turning to the Goldstone sector, let us first discuss 
the particular realization of the Littlest Higgs model [2] , 
where the gauge group is embedded in a global 517(5) 
group, broken down to 50(5). The representation is usu- 
ally written in terms of 5 x 5 matrices, where the 517 (2) 
generators Tf 2 (a = 1, 2, 3) and 17(1) generators are 
given by 



rpa 1 

Jl - 2 



'0 



and T 9 a = - 



and 



Yi =diag(3,3,-2,-2,-2)/10, 
F 2 = diag(2,2,2,-3,-3)/10, 



(14) 

(15) 
(16) 



respectively. 

The Goldstone Lagrangian describes spontaneous sym- 
metry breaking at the scale F, which is expected in 
the TeV range. Here, it is parameterized by a com- 
plex symmetric 5x5 matrix. Using the fields H (light 
Higgs), w ± ,z (SM Goldstoncs), and $ ±:t , $ ± , $ , $i 
(heavy scalars) as building blocks, 



h : 



-L(v + H + iz))> 



the matrix is defined as 



(17) 



5= (cxp2in)So, where s 



h 

and n = 4- I /it h T 
~ 1 + lr 




(18) 



for each fermion field /. In order to avoid flavor-changing 
neutral currents, we may assume that all 17(1) charges are 
generation-independent. Note that we cannot draw any 
conclusions from the requirement of anomaly cancella- 
tion, since the UV completion of the model may provide 
additional fermions which add to the anomalies, but do 
not mix into the low-energy spectrum. 

Some models [3] predict 517(2) triplet gauge bosons A R 
which couple to triplet currents made of right-handed SM 
fermions. Since the chirality structure of the observed 
charged currents is known to be left-handed to a good 
approximation (at least, for the first two generations), 
we have to assume that these 517(2) bosons are orthog- 
onal to the left-handed 517(2) sector. Thus, the triplet 



The covariant derivative is given by 



+ i 



£ [(A£H + H(A£) T ) + (B£H- 



fc=l,2 

such that the Goldstone Lagrangian reads 
£^^Tr(^S)(^Sr. 



S(B£f) 
(19) 



(20) 



The generalization to more complicated models is 
straightforward. There may be multiple light scalars h 
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and heavy scalars <f>. In the light sector, apart from ex- 
tra Higgs doublets, there may be singlets, triplets, etc. 
The p parameter constraints make it unlikely that any 
component of a higher multiplet has a sizable vacuum 
expectation value, so such extra scalars have little im- 
pact on phenomenology [31]. In the heavy sector, we are 
most interested in triplets with hypercharge 2 or and 
singlets with hypercharge 0. These can couple to Higgs 
doublets via 



h)(j>2h*, h)(j)oh, h^hao, 



(21) 



and will induce dimension-six operators after being in- 
tegrated out. While the Littlest Higgs model contains a 
single 4*2 multiplet, other models realize the <j>o and <7o 
cases. 

In the fermion sector of Little Higgs models, the top 
quark mass is generated by mixing the known top quark 
t with new vector-like heavy quarks. This interaction 
has the additional properties of cancelling the quadratic 
cutoff dependence of the Higgs mass and generating elec- 
troweak symmetry breaking by driving the Higgs mass 
squared parameter negative. The simplest setup involves 
just one heavy vector-like fermion T which is a SU(2) 
singlet. Many models predict a more complicated mul- 
tiplet structure. In some cases, all fermions have heavy 
partners which make them fit into multiplets of an en- 
larged gauge symmetry. However, the basic principles 
of constructing the Yukawa sector [1] are common to all 
models. 

In the Littlest Higgs model, the heavy-fermion La- 
grangian is built from the chiral fields 

Q R : b R , t R , T R , and Q L : q L = ^ , T L , (22) 

namely 

Ct = ^2 &PQ + £y — MF{T L T R + h.c). (23) 
Q 

The Yukawa interaction Cy combines and Tl in a 
common SU(3) multiplet. This implements the Little- 
Higgs symmetry structure in the fermion sector, such 
that the leading cutoff dependence due to top-quark loops 
is cancelled. We define a 3 x 3 matrix x[ = ^ k x\-> where 

X£=(j£) with q L =iT 2 q L = l r 2 {^J, (24) 

and promote this to a 5 x 5 matrix by padding zeroes: 
f iT 2 T L iq L 0^ 



X L = | -iqi 

0; 



(25) 



With these definitions, the Yukawa interaction is given 
by 

C Y = XiFi R Tr [E*(iTi)E* XL ] + h.c, (26) 



where Xf is the generator defined in (14). 

The masses of the light leptons and quarks can be gen- 
erated by similar interactions [32], where in those cases 
naturalness does not require the presence of further heavy 
states if the corresponding quadratic divergences are cut 
off at the scale A [1]. An interesting property of the 
Littlest Higgs model is the possibility to write lepton- 
number violating interactions like 

<Il 

C N = -g N F(L c ) T ~L, where L= \ 

and h = ir 2 £ L = irH L ^ j , (27) 

which are invariant under the full gauge symmetry Af- 
ter electroweak symmetry breaking, such operators gen- 
erate Majorana masses for left-handed neutrinos of order 
gNV 2 /F. Since F is not large enough to account for the 
huge suppression of the observed neutrino masses, the 
coefficient giq must itself be small. For instance, it could 
be proportional to some power of F/A', where A' is a 
high scale where lepton number is broken. 

In the general case, the construction of Yukawa inter- 
actions proceeds along similar lines. In at least one term, 
a component of the top quark is combined with the new 
state(s) T in a common multiplet of the enlarged global 
symmetry, while there is another interaction that gener- 
ates a T mass term. This structure is consistent with 
the Little-Higgs symmetry and thus allows for a sizable 
top-quark Yukawa coupling without generating unwanted 
terms in the one- loop scalar potential [1-3] . 



B. Heavy Vector Fields 

Introducing the physical heavy vector bosons X^,Y^ 
and the SM gauge fields W^B^, we express the gauge 
fields of the Littlest Higgs model as 

A% = + gxc 2 X", B^ = B^+ g Y c' 2 Y^, (28) 
A» = - gxs 2 X^, B^ = B^ - g Y s' 2 Y^, (29) 



where 



9i 



gx = — , 

cs 



and, analogously, 



s = 



9 = 



92 



Vgl + 9l ' 
gm 

V 9i+92 



92 



(30) 



I n i2 T 772 : 
Vfli +92 



9Y = —, 
cs' 



V5i +92 

9i92 
^9? +9?' 



(31) 



■5 



and rewrite the gauge terms in the Lagrangian: 



,(3) 



rW _ 



tr W^W^ - 2 tr W^J^ 

1 

2 

1 



2g x c 2 trX»jW - ItrX^X"" . 



- g Y Y» JW - -Y^. 



(32) 



(33) 



For the matter fields X M and Y^, the field strengths are 
X* v = D^X V - D v X fl (with the covariant derivative in 
the adjoint representation) and Y^ v = d^Y v — d v Y^, 
while the SM gauge field strengths have their standard 
form, W» v = d^W v - d v W» + ^W^W™] and = 
d^B v - d v B». 

In general, the singlet currents Jy^ and jW arc lin- 
early independent. We express the original currents J^l 
as 



Jf = (1 - a)J Y + J» 



N> 



J 2 



aJ Y 



(34a) 
(34b) 



where Jy is the canonical hypercharge current. Jn de- 
scribes the terms which deviate from the canonical hyper- 
charge assignments. Note that there is some ambiguity 
in defining J N , since we can subtract an arbitrary mul- 
tiple of Jy. This is accounted for by the parameter a. 
The current which is coupled to the heavy vector boson 
Y in (33) is then given by 



J (1) 



(c rz -a)J^ + 4l. (35) 

Furthermore, we introduce the Higgs current 

V„ = i [h(D^ - (D^fct] , (36) 

which may be decomposed into its singlet and triplet 
parts: 



(37) 



For later use we also define field strength tensors, 

Vj$=DM*-D v vW and l#> = d,V^ -d v Vf\ 

(38) 

where 



(39) 



With these definitions, the Goldstonc Lagrangian (20) 
can be expanded to yield 



C G 



M 2 x trX^+g x 



+ -M 2 Y„Y» + g Y 



2 

c' 2 -s 



tr[X^] 



+ -tr(D^(D^) + (D^(D^h) 



(40) 



Q F 2 



tr 



y(3)y(3),M 



where the omitted terms are higher-dimension interac- 
tions which are irrelevant for our discussion. The vector- 
boson masses are given by 

M x = gxF/2 and My = g Y F/(2\/E), (41) 

respectively. After electroweak symmetry breaking, the 
physical masses of the X and Y bosons get corrections 
of order v 2 /F, but this is irrelevant for our discussion. 

Following the lines of the beginning of this section, the 
X and Y vector fields are integrated out by completing 
the square in the Lagrangian. This is achieved by the 
redefinitions 



, -'-mW+n^W (43) 



x'„ = X u 

Y> =y - JUL. tW 



Ly ~t±V±y 

and leads to the low-energy effective Lagrangian 

C = £ (3) + (44) 
where the triplet and singlet parts are given by 

£ (3) - tvlW^W^] - 2tr[WJ< 3 >] 

+ ff)tv[J^J^] + f^tv[V^V,] ( 45 ) 
+ f^tr[V^J^] 



C^=-^B, V B^-B^4l 

+ f j p^4 1) + f£ v v^vu 



(46) 



respectively. The Littlest Higgs values of the coefficients 
are 



(47a) 
(47b) 

(47c) 
(47d) 
(47c) 

(47f) 
(47g) 



f (3) _ 
JJJ — 


4c 4 

~~p2> 


f (3) _ 

Jvv — 




f (3) _ 

Jvj — 


2c 2 (c 2 - s 2 ) 


f W _ 
Jjj 
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■ _ 
Jvv — 


-^ 2 - S ' 2 ) 2 , 


fW _ 
jvj — 


5(c ,2 -a)(c' 2 - S ' 2 


F 2 


J V N ~ 


5(c' 2 -s' 2 ) 
F 2 



The overall structure of the effective Lagrangian (44- 
46) is generic to Little Higgs models. In extended models, 
there are extra U(l) gauge symmetries which are asso- 
ciated to multiple linearly independent currents J x . (In 
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the original version of the Littlest Higgs model [2], the 
extra singlet current J/v and the parameter a are both 
zero.) If there are multiple Higgs doublets in the light 
spectrum, we can construct multiple currents Vi^. One 
linear combination of these is the Noether current of the 
electroweak symmetries and plays the role of in the 
Littlest Higgs model, while the others provide extra inter- 
actions which induce anomalous couplings in the multi- 
doublet Higgs sector. In the present paper, we restrict 
ourselves to the discussion of a single Higgs doublet and 
leave the multi-doublet case as a straightforward exten- 
sion. 

Otherwise, the information about the specific model 
is encoded in the values of the operator coefficients. In 
particular, the factor \fb in the Y mass (41) corresponds 
to factors of 5 in the singlet coefficients (47d-47g). In 
models with a different U(l) embedding, this prefactor 



(3) 

vv 



will take a different value. The constant term in /, 
consequence of the nonlinear Goldstone boson represen- 
tation. The analogous constant term in fy V happens to 
be zero in the Littlest Higgs model. The terms which in- 
volve mixing angles depend on the corresponding vector 
boson spectrum. For instance, there is a variant of the 
Littlest Higgs model where the extra U(l) symmetry is 
ungauged [6, 7, 16]. In this model, the singlet coefficients 
vanish identically. 



and the coupling constants 
F 



A 20 = ^= [(g 2 + g' 2 g\ g' 2 )k X\k'] (51a) 

(51b) 



2V2 
A 4 = M 2 /4F 2 

2M|/3F 2 
A40 = — A20/F 2 
A 6 = -M 2 /6F 4 



(51c) 
(51d) 
(51e) 



which are sensitive to the UV completion of the theory 
via the dimensionless parameters k and k' . To get the 
correct pattern of electroweak symmetry breaking, the 
4> mass squared M| must be positive. This implies the 
relation 



+ 



A 2 

k+-^k' < 



(52) 



which the unknown coefficients k and k' have to satisfy. 

The Higgs mass parameter /x 2 is given to leading- 
logarithmic one-loop order by 



64tt 2 



3 5 2 M 2 log^ +5 ' 2 M 2 log^ 



C. Heavy Scalars and the Higgs Boson 

In the expansion of the Goldstone Lagrangian (40), the 
kinetic energy of the heavy scalar multiplet </> 



£* = -tr(JV)t(D^) 



(48) 



produces an extra contribution to the effective La- 
grangian when 4> has been integrated out. This effec- 
tive interaction has to be combined with the other terms 
in the Coleman- Weinberg potential of the scalar fields, 
which is generated at one-loop order. 

In the Littlest Higgs model, the potential involves the 
Higgs doublet h and the triplet (f>. The coefficients are 
generated by gauge-boson and fermion exchange and are 
therefore proportional to the gauge and Yukawa cou- 
plings: 



^0 — 



-^M|tr[#t] + p\h*h) - X 4 (h^hf 

- iA 20 (h^h* - h T ^h) - X 2 ^ tr[(#t)(Wi+)] 

- \\ i4 ,{h)h) (h)(j)h* - h T ^h) - X 6 (h)hf 

(49) 

with the (j> mass parameter 

Mj = -F 2 [(gl + gl + g' 2 + g' 2 )k + X\k'] (50) 



but there are constant one-loop and two-loop corrections 
to this quantity with prefactors of the order _F 2 /167r 2 ~ 
A 2 /(47r) 4 which are not necessarily negligible. 

To get all terms that we will need later, we integrate 
out the heavy scalar using the redefinition 



2iA 



20 



Ml 



Ml 



2A 



200 



Ml 



(l + ^± h 1hj hh T. (54) 



Expanding the resulting effective Lagrangian up to sec- 
ond order, we obtain 



C 4> = 



2A 



2<t> 



M0 



^200 



Ml \ y " ' v ' "\ A 2 Ml 



(h)hf 



+ J L t rD,(h*h^(hh T ) + ..). (55) 



The first term in this expression modifies the coeffi- 
cient A4, 



\eff _ 
A 4 — 



Ml 



2 ^20 



(56) 



4F 2 Mj ' 

Hence, up to corrections of order v 4 /F 2 , the Higgs mass 
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is given by 



the Littlest Higgs model C Y (26) to order 1/F 2 : 



m 2 H = 2\fv 2 



-2v A 



\ 2 



72 * + 1 T * 



(57) 



A 2 

k ~\~ tt" k^ 



The \i mass parameter is related to this by /i 2 = m 2 H /2. 
For electroweak symmetry breaking to occur, /i 2 has to 
be positive, so the relation 



%± < J_ 
Mj 8F 2 



(58) 



must be satisfied [4, 6]. 

The other terms in (55) are dimension-six operators, 
which may be rewritten as 



4A ^ r (/,t/ l )3 + 4A ^ 



3F 2 M 2 



[{h)h) ((D^(D»h)) 
(59) 



Ml 

((D^h) {h\D»h))] 



Again, this particular expression is specific to the Lit- 
tlest Higgs model. However, in more general models the 
structure is similar: The effective Higgs potential con- 
tains h and h e terms, while the exchange of heavy scalars 
between light Higgs bosons generates derivative interac- 
tions. The quantum numbers of the heavy scalar deter- 
mine the structure of these terms, i.e., the square bracket 
in (59). Introducing the operators 



O^^tr^^ 3 ), 
O hh = (rfh) ({D^h)\D^h)) , 
O htl = ((D^h) (h){D»h)) 



(60) 
(61) 
(62) 



from integrating out triplets with hypercharge 2 (4>2 ), 
hypercharge (4>o), or singlets <7o, we obtain interactions 
of the form 



91 

CO 



O 



hh 



o 



(3) 

vv 

(3) 
VV 



so hh 

20 hh , 



o. 



h,l, 



(63) 
(64) 
(65) 



respectively. In the Littlest Higgs model, only (j> 2 is 
present. These derivative interactions combine with the 
triplet and singlet Higgs current interactions we have en- 
countered when integrating out the vector fields. 



D. Heavy Fermions and the Top Quark 

Finally, we derive the low-energy effective Lagrangian 
in the fermion sector. We expand the Yukawa term of 



C Y = —X\F ^1 - jzWhj t R T L 

+ hV2~(l-^rfh^t R h T q L 

i\i _ + 

=-tRh'<t>qL + • • • + h.c. 

r 

Combining this with the T mass term, 
C T = -X 2 Ff R T L + h.c., 



(66) 



(67) 



we diagonalize the two top-like states to leading order by 
the rotation 



tR — » C t tR + S t TR, 
Tr — > ~S t tR + CfTR, 

where the mixing angle is given by 

Ai A2 



s t = 



VaFTaT 



c t = 



v/aF+a 2 



(68) 
(69) 



(70) 



We may first integrate out the heavy scalar <f> in the ex- 
pression (66). Using the leading term of (54), this is 
equivalent to the replacement 



Ml 



-hh 1 . 



(71) 



In the rotated basis, the Yukawa terms take the form 

C Y + C T = -—f R T L + \ t V2 -f R h T q L 
c t s t Ct 

(72) 



+ -±rfht R T L 



+ \tV2 (l - jzhthj t R h T q L + h.c. 



where 
A t 



Ai A2 



and i H llh^. (73 ) 

To get the low-energy effective Lagrangian, we combine 
the chiral states Tl and Tr to a Dirac field T with mass 



(74) 



M T = XtF/ct-st + 0{v 2 /F). 
Completing the square in the Lagrangian, 

T' = T + X t (ip - MtT 1 (V2^-h T q L + ^ht R j , 

(75) 

we can integrate out T". We expand the result up to the 
order 1/F 2 and obtain 

C f= E QmQ + %q L h*(ip)h T q L 



Q=QL,tR,b R 



+ X t V2 { 1 - ^Sh^h ) (t R h T q L + h.c.) 



F 2 



(76) 
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Using the operator definitions 

Ov q = q L f T qL, 

Ovt = i R f^t R , 

O hq = hi h(i R h T q L + h.c.) , 

this can be rewritten in the form 



(77) 
(78) 
(79) 



Cf = J2 Q(*P)Q + x tV2 {t R h T q L + h.c.) 

Q=b,t 

+ fv q O Vq + fvtO V t + fh q O hq , (80) 
where the coefficients in the Littlest Higgs model are 



fvq — p 2 > 



fvt — 0, fhq 



F 2 



(c 2 t s 2 t -(3), (81) 



and (3 is the coefficient resulting from scalar interactions 
given in (73). 

In the effective Lagrangian (80), all reference to the 
specific model is encoded in the values of the coefficients 
fvqi fvt, and fhq- Since in the Littlest Higgs model 
there is no mixing of the left-handed fields, the anoma- 
lous coupling fvt of the right-handed top quark vanishes. 
In general, this need not be the case. Furthermore, other 
quarks and leptons may also mix with heavy partners. 
Such mixings are constrained by the absence of flavor- 
changing neutral currents. We will not consider this com- 
plication in the present paper. 

The Lagrangian (80) gives rise to the top mass 



(82) 



The small correction to the canonical value \ t v is de- 
tectable only if Ai and A2 are determined directly, i.e., 
by measuring production and decay of the heavy T at 
the percent level. This accuracy is not likely to become 
feasible in the near future [16]. From the viewpoint of 
the low-energy effective theory, it is more appropriate to 
take m t as an input parameter and absorb the correction 
in the mass term. Thus, we rewrite (80) as 



Cf = QiWQ + ^V2(i R h T q L + h.c.) 

Q=b,t 

+ fvqO V q + fvtOvt+fhqO' hq , (83) 

where in the redefined operator 

0' hq = (h^h - v 2 /2) (i R h T q L + h.c.) (84) 
the contribution to the top mass is removed. 

III. EQUATIONS OF MOTION 

The effective Lagrangian consisting of (45, 46) and (55) 
is not yet well suited for discussing physical observables. 
The reason is the presence of couplings V-J between 



the Higgs and fermion currents, which after spontaneous 
symmetry breaking induce anomalous couplings of the 
W and Z bosons to fermions. This is not a problem, 
but since gauge-boson interactions with fermions define 
the gauge couplings of the SM, it is convenient to elim- 
inate the corrections by appropriate field redefinitions, 
i.e., by applying the equations of motion. The result will 
be more transparent, and the coefficients in the effec- 
tive Lagrangian can be more easily related to measurable 
quantities. 

It is natural to separate triplet and singlet terms in 
this procedure. Here, the triplet terms conserve the ap- 
proximate custodial SU (2) c symmetry of the SM, while 
the singlet terms (which, incidentally, are more model- 
dependent) induce SU (2) c violation and thus contribute 
to the p parameter. 



A. Custodial-S'U(2) Conserving Terms 



In (45), the total contribution linear in the fcrmionic 



(3) 

triplet current J^ ' is given by 



,(3) 



-2tr 



(85) 



A (nonlinear) redefinition of eliminates the extra 
term in (85). This is equivalent to an application of the 
equations of motion, which for the W field read 



= 



5W» 



2J( 3 ) + ... (86) 



The omitted terms are of dimension five and higher and 
thus irrelevant for our discussion. To eliminate the V^J^ 
term, we add the operator 

1 .in . 8C , 







~f^jtr[VpD v wn 



(87) 



to the effective Lagrangian, such that the V-J coupling 
vanishes in the result. Applying partial integration to the 
first operator on the right-hand side of (87) and combin- 
ing the additional terms with (45), we obtain 

£ (3) = tv[W^W^} - 2tr[IU^ 3 >] 

+ ffM] + fvwOvW + fvlrOfy, 

where the dimension-six operators are defined as 



O 



(3) 
J J 



trj( 3 ^J,(, 3 \ 



O vw = trV$W^, 
0f v = trV^V^. 



(88) 

(89) 
(90) 
(91) 
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The coefficients in (88) are, in the Littlest Higgs model, 

„4 



f (3)__4c 4 



fvw — - 



c 2 (c 2 -s 2 ) 

g 2 F 2 • 



(92) 
(93) 



(3) _ (l + 2c 2 )(c 2 -^) _ J_ 



6^2 



To convert this result into a more useful form, we ex- 
pand the derivative acting on V and rewrite it in terms 
of the basis introduced in [10]: 



Ovw = -40w - 2G B w - 20 



'WW 7 



where 



O w = i(D^W^(D„h), 
Obw = —B^W^h, 
O ww = -\{h)h)tvW^W^. 



(95) 

(96) 
(97) 

(98) 



The last operator renormalizes the kinetic energy of the 
vector bosons. Noting that the gauge coupling g (in our 
convention) appears in the dimension-four Lagrangian 
only as the prefactor of the W kinetic energy, we can 
add a term proportional to tr W ilv W ilv to the Lagrangian 
and completely absorb its effect into a redefinition of g, a 
shift which is unobservable in the effective theory. (The 
same argument has been applied to the top quark mass 
above.) Hence, we can replace (95) by 



Oyw — —4:Ow ~ 20bw ~ 20[ 



WWi 



where now 



Oi 



WW 



-(rfh-v 2 /2)trW fl „W fn/ . 



(99) 



(100) 



The second operator on the right-hand side of (87) 
should also be investigated: 

{ y ] v = tr V^V" = tr V^V" - ^ tr V„ tr V". (101) 

This can be rewritten as [33] 

Of v = SO hh + ^h)((D 2 h)^h + h\D 2 h)), (102) 

where Ohh is defined in (61). Similar to the treatment 
of Oww: we add a term proportional to {D^h)^ {D^h) to 
the Lagrangian and absorb it in the Higgs kinetic energy, 
while on the other hand we replace Ohh by 

0' hh = {h)h-v 2 /2){{D lx h)\D»h)). (103) 

This implies a redefinition of the physical value of v. 
From the SM Lagrangian, the Higgs part of which reads 



-(hU s + 4h), 



(104) 



we read off the equation of motion for h, 
D 2 h = n 2 h-2\{h)h)h- J s , 



(105) 



where Js is the scalar current of the massive fermions 
which couples to the Higgs field. For the quartic coupling 
A, we should take the effective coupling A| ff (56). Thus, 

we can express Oy V as 

Of v = 30' hh 6Xfcy ht3 \o' Js , (106) 
where the additional operators are 

0' h3 = \{tfh-v 2 /2f, (107) 



0, 



Js 



{h)h-v 2 /2){h)j s + J ] s h). (108) 



Again, we have absorbed terms proportional to v 2 in the 
definition of fj 2 , A, and the physical fermion masses. Ad- 
ditional contributions to 0' hh and Oh,3 come from the 
terms in (59) which encode heavy-scalar exchange. 



B. Custodial-S[7(2) Violating Terms 

From integrating out the heavy hypercharge boson, we 
have obtained an interaction of the form 

4 1 ' = -(*"- 4i + tilv^jZ 

(109) 

Analogous to the triplet case, the coupling of V^ 1 ' with 
the hypercharge current Jy^ can be eliminated from the 
effective Lagrangian by the equations of motion. How- 
ever, if the model provides a U(l) current jffl which is 
linearly independent from the hypercharge current, the 
resulting extra term in (109) cannot be removed in this 
way. 

Nevertheless, we proceed as before and add the term 



= ffiW 



sc 

5B~,. 



= #X (1) (-^^ + ^ (1) -4:i), (HO) 



such that the result reads 
£ (D 



l - 2 B, v B^-B»4l + ff)0 { t) 



4.9' 

+ IvbOvb + f v %Oyl + fP N OP N . (Ill) 
Here, the operators are defined as 



Ovb = Vj$B» u , 

dp* - vn*4l. 



(112) 
(113) 
(114) 
(115) 
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In the Littlest Higgs model, the operator coefficients are 



JJJ — 


10 


(116) 


fvB 


5fV 2 - n)(r' 2 - <i' 2 ) 
2g' 2 F 2 


(117) 


f _ 

Jvv — 


5(l + 2c' 2 -4a)(c' 2 -s' 2 ) 


(118) 


8F 2 

5(c' 2 - S ' 2 ) 


f (l) 

JVN — 


(119) 


F 2 



Switching to a more familiar basis, we expand the oper- 
ators as follows: 



O vb = -80 B - AO BW - 4Q' BB , 



(120) 



O 



« = 20' hh - 12Af Q' K3 - Q' Js + 40 M (121) 



where the new terms are 
O b = l -(D^h)\D v h)B^, 

0' BB = -\{tfh-v 2 /2)B^B^, 



(122) 
(123) 



0' hA = {(D^h) (h\D»h)) - (v 2 /2)(D^)(D»h). 

(124) 

Analogous to 0' hh , in the definition of the operator 0' h 1 
the contribution which would modify the Higgs kinetic 
energy in unitary gauge has been subtracted and ab- 
sorbed in the definition of v. Finally, we note that 
from (59) we get an additional contribution to the co- 
efficient of the 5C/(2) c -violating operator Oh,i- 



IV. PRECISION OBSERVABLES 

In the previous sections, we have derived the low- 
energy effective Lagrangian of a Little Higgs model, 
which is applicable in the energy range below the lowest- 
lying new particle in the spectrum. Collecting all terms, 
we list the complete result in the appendix as Eq. (Al). 

Below we will discuss the contributions to the clec- 
troweak precision observables which follow from this ex- 
pression. Anomalous vector-boson and Higgs couplings 
are the subject of the next section. 

A. Oblique Corrections 

The two operators B w and Oh.i influence the gauge- 
boson two-point functions. These corrections are usually 
expressed in terms of the S, T, U parameters [10, 17, 18]. 
In our context, there is no dimension-six operator which 
corresponds to U, so AU is zero. The other two pa- 
rameters get contributions from the exchange of heavy 
particles: 

Expanding the operator 



O 



1 



BW 



(125) 



in terms of physical fields, we have to modify the rotation 
of neutral fields by the correction present in (Al) 



W 3 — — [c w (1 + M 2 (f vw + 2f VB )) Z + s w A] 



(126) 

B = — [s w (1 + M 2 (f vw + 2f VB )) Z + c w A] , 

(127) 

in order to get the correct kinetic energies of Z and A 
in the effective Lagrangian. Correspondingly, the gauge 
couplings g and g' are given by 



g = —(l + M 2 v (f vw + 2f VB )), 

$11) 



(128) 



9' = — (1 + [Mf - M^ifvw + 2f VB )) , (129) 

if expressed in terms of e and s Wl c w . 

Here, e is the ordinary electromagnetic coupling. (In 
practice, we have to account for a nontrivial scale de- 
pendence in this quantity, but this effect is universal and 
independent of our discussion.) For the definition of the 
weak mixing angle s w , we first consider the special case 
where Jn = 0, i.e., the hypercharge vector bosons couple 
only to the standard hypercharge current. This covers, 
in particular, the original Littlest Higgs model where the 
fermions are gauged only under one £7(1) group. Then, 
the sine of the weak mixing angle s w is measured directly 
in Z decays, since in our framework both the vector and 
the axial vector coupling receive the same correction, 



Avf/v f = Aa f /a f = M 2 z {f vw + 2f VB ), 



(130) 



such that the ratio Vf/af is unaffected. 

As a result, B w contributes to the S parameter. In 
our case, we have 



AS = 8irv 2 (f vw + 2f VB ) 



2/„2 



40ir(c' 2 -a)(c r ' - s")- 



g 2 F 2 



12 „/2\ 



g' 2 F 2 ' 



(131) 



(132) 



The second equation gives the value in the Littlest Higgs 
model. 

Turning to the SU(2) C - violating sector, the operator 
0' hl (124) yields a correction to the W mass (but not 
the Z mass): 



AMlr/M 2 , 



-fh,l- 



(133) 



This is equivalent to a contribution to the T parameter: 

,2 



V 



"AT = --/ M 



(134) 



„2 2v 2 X% 



= -^(l + 2 C --4 fl )( C ' 2 - S ' 2 )- 



F 2 M\ ' 

(135) 
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where again the second line applies to the Littlest Higgs 
model only. 

Collecting all contributions, the physical vector masses 
get shifted as follows: 



M 



w 



ev 



(1 + x), M 2 Z 



where 



(1 + 2/), 
(136) 



/ AS 

a —r 



' = a y-^ + AT) = 2M$ v (f vw + 2f VB ) - —f hA , 

(137) 



y = a 



AS 



2M z {f vw + 2f VB ). 



(138) 



B. Non-Universal Hypercharges 

If the model contains a current Jn which is linearly 
independent from the hypercharge current Jy, the situa- 
tion becomes more complicated. This typically happens 
if the fermions are charged under more than one U(l) 
gauge group, since there is no particular reason to have 
the two U(l) charges proportional to each other. 

We may use the freedom of choosing the parameter a in 
(34a, 34b) to remove, for instance, the left-handed lepton 
contribution in Jjv- Then, the unitary-gauge interactions 
induced by Ovn are 



C 



VN 



-2M 2 

w -fvN {zi£r$Ir + ZqQl^Qi 



(139) 



+z u u R fu R + z d u R fd R ) + . . . , 



with some fixed parameters z/, where the dots indicate 
couplings which involve the Higgs field. To verify that 
the terms in Cvn cannot be eliminated, we recall that 
the couplings to both the neutral isospin and hypercharge 
currents satisfy the sum rules 



9l + 9l = 9r + 9r, 

9 U L+g d L = 9 U R + 9R, 

9l+9 l L = -Z{9l + 9t)- 



(140) 
(141) 
(142) 



Any linear combination of the two currents also satisfies 
these sum rules. In particular, this holds for the elec- 
tromagnetic current and for the current coupled to the 
Z-boson. Higher-dimensional bosonic operators do not 
affect this property. 

However, by definition, the sum rules are violated by 
a nonvanishing Jjv- Therefore, its presence can be con- 
strained, e.g., by measuring the ratios 



n 



9r + 9r 



9 R + g R 



9l+9i' " 91+ A' ' 

In other words, if any of these quantities deviates from 
unity, we know that the model contains a third linearly 



_ 3 9l±9l 

9l+9i' 
(143) 



independent current, which in the present context is due 
to non-universal charge assignments for the U(l) gauge 
groups. 

In this situation, the standard two-parameter analy- 
sis of the electroweak precision observables is no longer 
appropriate. If the extra U{1) charges (i.e., the param- 
eters ze, zq, z u , Zd) are taken as unknowns, many of the 
electroweak observables such as Alr, A b FB ,Tz,T i?u , etc. 
become independent of each other. The U(l) charges 
may even depend on the fermion generation, as far as 
the constraints on flavor-changing neutral currents are 
respected. It is interesting that the numerical quality of 
the present electroweak fit is rather poor [20], so there 
might already be a hint of such new-physics contribu- 
tions. On the other hand, for a specific model with fixed 
U(l) charge assignments, it is straightforward to include 
the appropriate modifications in the expressions for the 
Z-fermion couplings. The remaining free parameters are 
formally equivalent to the S and T parameters which we 
have discussed in the preceding section. However, the nu- 
merical fit to the electroweak data has to be reconsidered 
in this framework [7]. 



C. Four- Fermion Interactions 

At very low energies, the W and Z bosons are also inte- 
grated out and give way to the four-fermion interactions 
of the Fermi model. These interactions get corrections 
from the exchange of heavy vector bosons, i.e., from the 
operators 



and O 



(i) 
J J 



(144) 



which arc both present in (Al). Looking at charged- 
current interactions, together with the shift in the W 
mass this correction effectively modifies the relation of 
the Fermi constant and the Higgs vacuum expectation 
value v: 

V2G F = ^(l + z) with z = -aAT-^ff}. (145) 

It is customary to choose Gf (as measured in muon 
decay) as an independent parameter of the SM. If this is 
complemented by Mz and a (i.e., e), we have to account 
for the shifts in the vector boson masses, and define the 
parameters v and s by the relations 



v = (V2G F r 1/2 and M z = 



2s c ' 



(146) 



The two definitions of the weak mixing angle are thus 
related by 



U 1 + in(y + z ) 



c o s o 



-o a 



(147) 
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D. Constraints on the Littlest Higgs Model 

Electroweak precision data constrain the allowed pa- 
rameter space of Little Higgs models. We have seen that 
in the case of universal hypercharges, up to the order 
v 2 /F 2 , all corrections to low-energy observables can be 
parameterized in terms of AS, AT, and two extra param- 
eters which introduce contact interactions of the triplet 
and singlet currents. Even in the non-universal case, for 
any specific model where all hypercharge assignments are 
fixed we may take into account their effects in the elec- 
troweak observables explicitly. Then, in addition to S 
and T, the coefficient fy\j is left as a free parameter, 
which can be constrained by the analysis of Z decays. 

Contact interactions have been sought for both at 
hadron and lepton colliders. Since they are formally of 
higher order on the Z pole (the interference of signal and 
background vanishes on the resonance), they yield an in- 
dependent set of constraints. The exact form depends on 
the U(l) charge assignments. 

For illustration, let us consider the original version of 
the Littlest Higgs model [2] where the situation is partic- 
ularly simple, since all fermions couple to the first U(l) 
group only (a = and Jjy = 0). The present exclusion 
limits for Z 1 bosons [19] can be turned into limits on the 
values of ff) and ff) (92, 116), i.e., on the ratios c 2 /F 
andc' 2 /F. Thus, for a given value of F these constraints 



can be evaded if c and 



•c both small. This is the limit 



where the massive vector bosons become superheavy and 
simultaneously decouple from fermions. In fact, for c or 
d less than about 0.1, the vector boson masses are of the 
same order as the cutoff A where the Little Higgs model 
breaks down as a low-energy effective theory, and new 
(strong) interactions may be expected. 

From current experimental data, the combined 
limit for a Z' boson with SM-like couplings is 
M z > > 1.5 TeV [19]. For the Littlest Higgs model, 



this translates roughly into 

c 2 < F/4.5 TeV and c' 2 < F/10 TeV. 



(148) 



The limits for charged heavy vector bosons are somewhat 
weaker. 

In the limit c ~ c' — > where all contact interactions 
disappear, the correction to S (131) also vanishes. How- 
ever, there remains a constant contribution to T [6], 



qAT(c' = 0) 



5v 2 
4F 2 



2^ 2 A 2 
Mi ' 



(149) 



where the second term depends on the parameters in the 
Coleman- Weinberg potential. 

The first term in (149) is due to the existence of the 
heavy hypercharge boson Y. This positive shift in T 
pushes the model out of the exclusion contour in the S- 
T plane allowed by electroweak data for a light Higgs 
boson, unless F is larger than about 4 TeV. The second 
term, the shift due to heavy-scalar exchange, is negative. 



However, the bound (58) implies that the net AT will 
not be smaller than v 2 /aF 2 . 

When discussing Little Higgs models, it is usually as- 
sumed that the Higgs boson is light, presumably close to 
the lower experimental limit m w 115 GeV. However, 
this is not necessarily true: Depending on the parameters 
in the Coleman- Weinberg potential (e.g., if the two con- 
tributions in the denominator of (57) almost cancel each 
other) , the physical Higgs mass can take any value that is 
not in conflict with unitarity. Increasing the Higgs mass 
with respect to the reference value m , we get additional 
shifts in S and T. These are approximately given by [17] 



12n to 2 , 167TC 2 to 2 . 



3 , m 2 r, , 

In— | (150) 



(The complete one-loop formulae can be found, e.g., 
in [10].) As a consequence, the positive contribution to 
T can be partially cancelled by an increase in the Higgs 
mass. Note that this would also reduce the amount of 
fine-tuning in the model. 

In the presence of oblique and non-oblique corrections 
one has to carefully define the S and T parameters. In 
our effective theory they are defined on the operator level 
and can be read off from the gauge boson masses (136), if 
the scale v is given. Introducing the abbreviations g\y — 
e/s w and gz — e/(s w c w ) for the couplings of W and Z 
to fermions (e and s w defined at the Z pole), using (128, 
130, 136-138) we can make up dimensionless ratios 



clM 2 



1 



A5 + aAT, 



11^,(1+2^,, 



a 



M 2 Z 



A_q2 r 2 



AS), 



(151) 
(152) 
(153) 



where v drops out. Here, T w / Z stand for cither the total 
width or for a partial decay width of the correspond- 
ing vector boson. The prefactors in (152, 153) are known 
functions which at leading order just depend on s w , while 
higher-order corrections, in a consistent approximation, 
add incoherently to the new-physics contribution consid- 
ered here. Accepting the fact that Tw is not sufficiently 
well measured to be relevant here, we nevertheless can 
extract S and T from (151) and (153) alone, i.e., exclu- 
sively from Z- and IT-pole data. 

This is not the conventional way of extracting the 
oblique parameters [16, 20], where e and s w are used 
as above, but the low-energy observable Gf is included 
as a dimensionful quantity which sets the scale v. Due 
to the presence of non-oblique new physics, the relation 
between Gf and v is modified by an amount z according 
to (145), which accounts for the shifts in the electroweak 
couplings and the W mass as well as a triplet contact 
term. Generically, for any model with a heavy gauge 
triplet we have 



-aAT + 5 



(154) 
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with (5 = (c 2 v/F) 2 , where c is the cosine of the mixing 
angle between the two SU (2) and F the high scale. 

In the presence of non-oblique corrections we may call 
the conventional definition of S, T, and U effective pa- 
rameters, which in the linear approximation are given 
by [20] 



Mf 
Wo 



1 



4*?„ 



(S e S + U e ff), 



aT, 



off: 



(155) 



= 1 + aT e ff, 



zi J z 

where (3z — Tz,o/M zo . The quantities with the zero 
subscript are calculated in the pure SM, i.e, using the 
measured values of e, s Wl and Gf- While the extraction 
of e from electromagnetic data and s w from Z-pole asym- 
metries is free of non-oblique corrections, Gp contains an 
extra contribution z (145) if related to the electroweak 
scale v. 

In our effective theory, we obtain 



Mw_ 

Mf 

W 



1 



a 



1 + 



44 
a 



M 2 z f3 z 



AS + 5, 

AS - aAT + 5, 
aAT - 6. 



s 2 c 2 



(156) 



A comparison with (155) reveals the connection between 
the effective parameters and the ones we have calculated 
above, 



Seff = AS, 



1 



T off = AT — -5, 
a 

As 2 

U cS = -^S. 

a 



(157) 
(158) 

(159) 



The result is somewhat unexpected: The choice of the 
low-energy parameter Gf as input mimics nonvanishing 
T e g and U e g even in the absence of custodial SU{2) vi- 
olation. Actually, low-energy neutral-current data or a 
precise measurement of the W width would allow for 
the identification of the non-oblique correction 5, but 
the present experimental accuracy is insufficient for this, 
given the small values of S that are allowed by the direct 
constraints on heavy vector bosons. 

In the Littlest Higgs model, for increasing mixing an- 
gle c the shift in T c g (which is cx c 4 ) compensates the 
positive AT contribution of the SL/(2) c -violatmg sector, 
eventually resulting in a negative T e g value. 

In Fig. 1, we depict the allowed region in the S e g-T e g 
plane for two different values of F. The contours are 
restricted by the direct limits on contact interactions. 
After having translated our AS, AT parameters to the 



effective ones, we can take the fit of the ST ff-parameters 
for a given Higgs mass as is [20] and compare it with 
the prediction of the model under consideration. Look- 
ing at the figure, we can conclude that a light Higgs 
boson (m,H = 120 GeV) is consistent with the Littlest 
Higgs model only if F > 4 TeV [4-6]. However, allow- 
ing for larger Higgs masses reduces this limit to less than 

4 TeV. We should also keep in mind that radiative cor- 
rections [13] and unknown effects from new physics be- 
yond the UV cutoff A will add extra small shifts to the 

5 and T parameters which can slightly change this con- 
clusion. 

Our derivation shows how this picture looks like in 
more general models. In the triplet sector, any extension 
will only result in additional contributions which have a 
form identical to that in the Littlest Higgs model. These 
terms will contribute to AS only. In the singlet sec- 
tor, there is more freedom: Removing the U(l) boson, 
changing the hypercharge assignments, or extending this 
sector in some other way, allows for different values of 
AT [6, 7, 16], and more free parameters may enter the 
game. In particular, the spectrum can be arranged to be 
consistent with the custodial SU (2) symmetry, such that 
the corrections to the T parameter cancel altogether. In 
such models, the bounds on F are significantly weaker 
than in the Littlest Higgs model [3]. 



V. NEW EFFECTS 

New data from Tevatron, LHC, and a future Lin- 
ear Collider will allow us to constrain the parameter 
space by measurements of new independent observables. 
Apart from improved limits on contact interactions, there 
will be precision data on vector-boson self-couplings, on 
Higgs and top-quark interactions. In this section, we de- 
rive the corresponding anomalous contributions, starting 
from the effective Lagrangian (Al). 

The results given below apply directly to any Lit- 
tle Higgs model which contains no extra singlet cur- 
rent and only one light Higgs doublet. The complica- 
tions which arise in the presence of an extra current have 
been discussed above. In addition to the anomalous Z 
couplings, the operator Oy^ N (115) induces HZff in- 
teractions which add to the terms in (170). As far as 
the Higgs sector is concerned, many Little Higgs mod- 
els predict more than one light Higgs doublet. However, 
in the present paper we do not attempt a discussion of 
extended Higgs sectors, and leave the general case to a 
future publication. If there are multiple physical Higgs 
states, the structure of anomalous couplings in the gauge 
and fermion sectors is unchanged, but the genuine Higgs- 
gauge, Higgs-fermion and Higgs self-couplings reflect the 
additional complications. 
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FIG. 1: ST predictions for the Littlest Higgs model with standard (7(1) charge assignments [2]. The shaded ellipses are the 
68% exclusion contours which follow from the electroweak precision data [16, 20], assuming four different Higgs masses. The 
hatched areas are the allowed parameter ranges of the Littlest Higgs model for two different values of the scale F. The limits 
from contact interactions have been taken into account. 



A. Anomalous Triple-Gauge Couplings 

Strictly speaking, trcc-levcl contributions to triple 
gauge couplings from the exchange of heavy particles are 
impossible at the level of dimension-six operators [11]. 
In the absence of fermions the self-couplings of vector 
bosons define the gauge couplings g and g'. However, in 



practice the gauge couplings are measured in processes 
which involve external fermions. These interactions do 
receive tree-level corrections. We have used the equations 
of motion to canonically normalize the fermion gauge in- 
teractions. As a result, anomalous triple-gauge couplings 
appear. 

We use the standard parameterization: 



Cwwv = — ie- 



— le 



g z ( W +,iw W - _ W+W-^ u ) Z v + kzW+W'Z^ 



g i (w+'^W- - W+W-^ V ) A v + k 7 W+W~A^ 



(160) 



Inserting our results into the formulae of [10], we obtain 

gf = k z = 1 - 2M 2 z f vw and gj = k 7 = 1. (161) 

Since the anomalous contributions are generated solely 
by a renormalization of gauge couplings, we have gf — 
k-z and gj = k 7 . Electromagnetic gauge invariance re- 
quires gj = 1, hence the photon couplings are unchanged. 



The SU(2) C relation 

A K7 = -4( A ^- A -9f) ( 162 ) 

is automatically satisfied in this case, so there is no con- 
tribution from the S'[/(2) c -violating coefficient fvB- 

In our derivation of the effective Lagrangian, we have 
expressed everything in terms of the parameters e, s w , 
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and a dimcnsionful quantity, for which we either take 
M\y, Mz, or v. As far as the coefficients of dimension- 
six operators are concerned, the particular scheme used 
for experimentally defining the input parameters is ir- 
relevant, since differences are formally of higher order. 
However, when discussing interactions which also occur 
at tree level in the Standard Model, we have to be spe- 
cific about the definition of the input parameters, since 
a shift in the SM contribution will be of the same order 
as the direct contribution of the anomalous interactions. 

For instance, in the Gp-M z -a scheme, there is an addi- 
tional contribution to gf and Kz since we have to define 
the three-gauge-boson vertices in terms of sq and cq: 



r . c 

t-wwz — — ie— 

so 



g z {w+,^ w - _ w+W~^ v ) Z v 



nzW+W-Z^ , (163) 



where now 

g? = K Z = l- 2M 2 z fvw 



y + z 
2(^-5g)' 



(164) 



B. Anomalous Higgs couplings 

Anomalous Higgs couplings are induced both by vec- 
tor and scalar exchange. Expanding the effective La- 
grangian (Al), we obtain the following contributions: 

1. Couplings to longitudinal gauge bosons: 



2M 2 

Chvv = Xw W-HW+'OW- + xz^HZ^Z^ (165) 

v p v 



These occur at tree-level in the SM and get anoma- 
lous contributions from various sources. The direct 
contributions are 



2 v 



(166) 



While these terms are generated by the operators 
Obw, O'wwi an d O'bb individually, they all vanish 
in the linear combination present in (Al), and thus 
are induced at loop- level only, as one would expect. 

3. Contact terms, i.e., direct couplings of Higgs bosons 
to vector bosons and the weak or hypercharge cur- 
rents. These follow from the (Al), if the physical 
fields are inserted, derivatives acting on the Higgs 
field are eliminated by partial integration, and the 
equations of motion of the vector fields are applied. 
Alternatively, we can read them off directly from 
the V-J interactions in (45,46): 



u\ ■/ = M w fPj '* ./., + HW "./„ ) 



+ Mzf^jHZ^J^ 
-2M Z HZ» (/«J« 



+ f (1) J ( 

' JVN J N 



1] ) 



(170) 



X z - 1 + 4 (M^f vw + 2slM 2 z f VB 



4. Anomalous couplings of the Higgs boson to the 
scalar current, i.e., to massive fermions. Due to 
the effect of the operator 0' Js , all such couplings 
are modified by the common factor 

Xf = 1 - v 2 f Js = 1 + y (/£> + 2/« ) . (171) 

If the fermions are mixed with new heavy particles, 
as it is the case for the top quark in Little Higgs 
models, there are extra contributions to (171). 
These will be considered below in Sec. VD. 



C. Higgs pairs 

In the effective Lagrangian (Al), various terms induce 
anomalous couplings which are relevant for Higgs pair 
production. 

1. The quartic HHWW and HHZZ couplings are 
modified: 



+ ~2 {fh,l + fhh) ■ 



(167) 



These relations apply if we define the parameters 
M w and M z in (165) as the measured values (136). 
Due to the appearance of v in (165), in the Gp-Mz- 
a scheme there is also an indirect contribution to 
be added: 



(168) 



where z is given in (145). 
2. Couplings to transversal gauge bosons: 

Z'hvv = h' ww HW + ^W~ + h'zzHZ^Z^ 

+ K'zaHZ^A^ + h' AA HA^A^ (169) 



Chhvv = m^-H 2 W+^W~ +r, z ^H 2 Z»Z„ 

(172) 

where 



Vw = 1 + 20M 2 v f vw - — (/ M - Af hh ) , (173) 

r]z - 1 + 20 (M^fvw + 2s 2 w M 2 f VB ) 

+ 2v 2 (fh.x + f hh ) . (174) 

are the direct contributions. Here, we have applied 
the equations of motion of the Higgs boson to elim- 
inate derivative couplings. The indirect corrections 
in the Gf-Mz-ol scheme are 



Ar) W = Arjz = -z. 



(175) 
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2. The cubic Higgs self-coupling is directly affected 
by the presence of the operator 0/^3 . Furthermore, 
the operators Oh,i and Ohh contribute to this cou- 
pling if we eliminate derivative couplings by the 
equations of motion. Parameterizing the vertex by 



(176) 



r - v H h 3 

L-HHH — ~X- H ~2^~ H ' 

we have a direct contribution 

v 2 2v 4 
Xh = 1 - y (fh.i + hh) - ^r/M- ( 177 ) 

To determine the indirect contribution, we augment 
the set of independent parameters (Gf, Mz, a) by 
the physical Higgs mass tuh, to get 



(178) 



in this scheme. 



D. Top-Quark Couplings 

The presence of heavy vector-like quarks in the spec- 
trum affects the interactions of the top quark with gauge 
bosons and Higgs bosons in a non-universal way. 

1. The electroweak interactions of the top and bot- 
tom quarks are modified by the operators Oy q and 
Oy t (77, 78), which originate from heavy quark ex- 
change, and by the redefinition of the vector fields 
due to heavy vector exchange. In the physical ba- 
sis, the Z and W couplings are 



Av — — - 



e 

2\/2 s u 



[tZ (v t -a t j 5 )t- bZ (v b ~ a b -f 5 ) b] 



c tb [ilf + (l-75)& + Mf-(l-75)*] 



(179) 



where the coefficients are given by 

vt = (l - ^4) [1 + M 2 Z (fvw + 2f VB )] (180) 
a b = 1 + Mf (f vw + 2f VB ) (181) 
vt=(l- ^4) [1 + M 2 Z {j vw + 2f VB )] 



+ v 2 (f Vq + fvt) 



(182) 



a t = 1 + Mf (f vw + 2f VB ) + v 2 (f Vq - f vt ) (183) 



^ = 1 + M w [jvw + 2f VB ) + —f Vq 



(184) 



While the corrections proportional to (fvw+2.fvB) 
are universal to all fermions and taken into account 
by the S-T fit of the SM, the corrections propor- 
tional to f Vq and f vt are specific to the top-quark 
vertices. 



The indirect corrections in the Gp-Mz-a scheme 
are in this case 



Av t 
Aa b 
Ac tb 



= 1 + 



4s2/3 \ y + 



8s§/3 



-0 



'0 



2 ' 

y + z 



= Aa t = - 



V + z 
2 ' 
y + z 



(185) 
(186) 
(187) 
(188) 



2. The top-quark Yukawa coupling is also modified by 
the heavy T-quark. There are further effects due to 
nonlinear Goldstone interactions and heavy-scalar 
exchange which altogether make up the coefficient 
of the operator Oh q - Finally, there are the correc- 
tions from Oy V and Oy V which have been given 
already in (171). The resulting vertex is 



-tH 



v 



where 



Xt = 1 + 



(3) , 9f (l) 
V V ' A JVV 



V2 



m t 



(189) 



-fhq- (190) 



The indirect contribution in the Gf-Mz-o: scheme 
is 



A X t 



-2 Z - 



(191) 



3. There are also quartic ttZH and tbWH vertices: 

C W h = -MzfvgiHZ (1 - 75 ) t 
-M z fvttHZ(l+ l5 )t 

- ±=M w f Vq \iH\f +(1 - l5 )b ( 192 ) 
V2 L 

+ bH]f~(l- l5 )t 

In the Littlest Higgs model, fvt = 0, and these 
couplings are purely left-handed, which is due to 
the fact that it is the right-handed top quark which 
mixes with the heavy T fermion. 



VI. THE RECONSTRUCTION OF A LITTLE 
HIGGS MODEL 

Despite the fact that Little Higgs Models are con- 
strained by electroweak precision data, there remains a 
considerable parameter space where such models are vi- 
able. Assuming that such a mechanism is realized in 
nature, one should ask the question to what extent it 
is possible to derive the model and its parameters from 
experiments at future colliders. 
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To verify the generic mechanism that is common to 
all Little Higgs models, we would like to check two char- 
acteristic properties of the model, namely the cancella- 
tion of quadratic divergences as a result of the symmetry 
structure, and the Goldstone-boson nature of the Higgs 
boson. A direct check of the first property would re- 
quire the measurement of the quartic couplings of Higgs 
bosons to heavy vectors, scalars, and fermions, which is 
out of reach of the next generation of colliders. However, 
the symmetry structure manifests itself also in relations 
of couplings which are accessible once the new particles 
have been discovered at the LHC [6, 16, 21]. The same 
couplings also enter the low-energy effective Lagrangian. 
For instance, the cancellation in the vector-boson triplet 
sector is reflected in the relation of the coefficients fjj 
and fvw (92, 93), once the scale F is known. Simi- 
lar statements hold for the scalar and fermion sectors. 
Thus, a sufficiently accurate determination of the low- 
energy coefficients complements direct measurements at 
LHC. In cases where direct measurements are difficult 
(e.g., in the scalar sector), low-energy observables may 
be the only handle on the Little Higgs mechanism. 



In order to establish the Goldstone nature of the Higgs 
boson, we should demonstrate the nonlincarity in the 
Higgs-boson representation above the scale F, i.e., the 
presence of nonrenormalizable terms in the Higgs inter- 
actions. The low-energy trace of this is encoded in terms 
which arc independent of the mixing angles and masses 
of the Little Higgs spectrum. For instance, in the Littlest 
Higgs model there are a constant contribution — 1/6F 2 

in the coefficient fy V (94) and a similar term in the co- 
efficient fh q (81) (i.e., the constant 2/3 in (3 (73)). 



Since the anomalous contributions we have calculated 
in the preceding sections all carry a common suppres- 
sion factor v 2 1 F 2 relative to the SM result, for a mean- 
ingful measurement the low-energy observables have to 
be determined at least to this accuracy. If F happens 
to be rather high (e.g., F > 4 TeV for the unmodified 
Littlest Higgs model), the required precision is in the 
per mil range. A high-luminosity e + e _ Linear Collider 
can reach this level for a limited subset of observables 
which include contact terms and triple-gauge couplings. 
In the Higgs and top sectors, accuracies of the order of 
1-2 % are possible for the observables of interest [22]. At 
LHC, the level of precision is generically weaker, but di- 
rect measurements are possible for new heavy particles 
in the spectrum. Thus, if the scale F is of the order 
2 TeV or less, which is allowed in various Little Higgs 
models [3, 7], a complete coverage of the low-energy pa- 
rameters becomes feasible. In any case, all observables 
will be included in a combined fit if signals of a Little 
Higgs model are found, once a sufficient data sample has 
been collected at LHC and a Linear Collider. 



A. Vector Bosons 

The new X and Y gauge bosons can be produced and 
detected at the LHC if they are not too heavy [6], and 
their couplings can be directly measured [21]. Indirect 
constraints from low-energy observables can be combined 
with those results for an improved fit and will help to 
disentangle the contributions of various sectors: 

1. The measurement of contact terms, e.g., in the pro- 
cesses 

e + e~ — > e + e~ and e + e~ — > (193) 

will significantly improve the limits for a particular 
combination of the operator coefficients fj 1 ] and 

/jj, equivalent to the detection of a Z' boson up 
to a mass of 5-10 TeV [22, 23]. For a separate 
measurement of the triplet contribution, one needs 
a chargcd-currcnt channel. For instance, the cross 
section measurement of the process 

e + e~ — ► Dvy (194) 

allows for detecting the effect of W bosons up to 
M ~ 5 TeV [22, 24]. These limits can be combined 
with the possible observation (or non-observation) 
of those states at LHC to extract the scale F and 
the mixing angles in the vector-boson sector. 

2. Another probe of heavy- vector exchange is given 
by quartic HZff and HWff interactions, which 
depend on fyj and fyj. The neutral component 
can be extracted by measuring the angular distri- 
bution and/or the energy dependence of the Higgs- 
strahlung process [25], while the charged compo- 
nent affects WW fusion. (A detailed experimental 
analysis of contact terms in Higgs production has 
not yet been performed.) 

3. The triple-gauge couplings will be measured to 
better than per mil accuracy at a Linear Col- 
lider [22, 26]. Assuming that S and T and the con- 
tact terms are known, this allows for the extraction 
of the coefficient fyj to a precision level compara- 
ble to the contact-term measurements. Thus, an 
independent check of the coupling relations in the 
vector-boson sector is feasible. 

4. Once the Higgs mass is known, the existing preci- 
sion data can be turned into measurements of AS 
and AT. If the Giga-Z option of a Linear Col- 
lider is realized, the accuracy of this measurement 
will improve by one order of magnitude [22]. In 
our context, the value of AS provides us with the 
parameter combination fvw + 2fvB- Turning the 
argument around, together with the measurement 
of triple gauge couplings one gets an independent 
constraint on /jj. 
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Combining those measurements in a single fit, all pa- 
rameters in the gauge sector can be derived. In particu- 
lar, if LHC and Linear Collider data are taken together, 
there will be enough redundancy to go beyond the as- 
sumption of a specific model, such that the complete set 
of heavy vector bosons (singlets and triplets) and their 
couplings can be reconstructed. 

B. Scalars 

In the effective Lagrangian (Al), Higgs-boson opera- 
tors are affected both by the scalar and by the vector 
boson sector. Since the vector-boson contributions can 
be extracted by the methods described above, we get 
an indirect handle on the scalar sector, which is difficult 
to access directly. The statistical and systematic uncer- 
tainties for Higgs production and decay measurements 
at LHC and a Linear Collider limit the achievable accu- 
racy to 1-2 % or worse, depending on the channel and on 
the Higgs mass [22, 27]. The following arguments show 
that a complete coverage of the scalar sector is possible 
in principle. In practice, this exercise can be successful 
if the scale F is of the order 2 TeV or lower, while for 
higher scales the accessible information becomes limited. 

1. AT depends on fyy and a correction due to heavy- 
scalar exchange. Once the Higgs mass and the 
properties of new U(l ) vector bosons are known, 
we can isolate this piece. This quantity (i.e., the 
p parameter) has been measured with per mil ac- 
curacy. At GigaZ this can be improved by another 
order of magnitude. 

2. The couplings of the Higgs boson to gauge bosons 
will be measured in Higgs-strahlung and vector bo- 
son fusion. Combining this with the information 
on AT, we can constrain the coefficient fyy. 

3. The ratio of the branching ratios H — > // and 

(31 

H — > WW, ZZ also depends on the coefficients f vv 

and fyy- Thus, Higgs decay measurements will 
add independent information on those coefficients. 
(Here, we need the assumption that the fermions 
are not mixed with any heavy partners, which is 
likely true for the b quark, and even more for r 
and c.) 

4. Finally, double Higgs production depends on the 
coefficient fh,3, the Higgs potential correction. 
Both at a Linear Collider and at LHC this mea- 
surement is severely statistics-limited [22, 28, 29], 
and in Little Higgs models the small corrections to 
the trilincar Higgs coupling are unobservable even 
for very low F. 

If sufficient precision can be reached from a combina- 
tion of all available data, we can isolate the contribution 
of the heavy scalar <fi (and thus confirm its existence) 



and detect the constant contribution in f vv (94) which 
stems from the last term of (40). As discussed above, this 
would be direct evidence for the Goldstone-boson nature 
of the Higgs boson. 

Our discussion has been centered on the Littlest Higgs 
model with its obvious generalizations, which contains 
just a single Higgs doublet in its low-energy spectrum. 
Other Little Higgs models predict a richer structure: 
Apart from extra doublets, there could also be light scalar 
singlets and triplets, which have to be pair-produced and 
thus are difficult to access. While this complication will 
not invalidate our treatment of the vector-boson sector, 
the reconstruction of the scalar sector in such models is 
beyond the scope of the present paper. 

C. Top-Quark Observables 

The top quark will be studied both at LHC and at a 
Linear Collider. In addition, LHC opens the opportunity 
to produce new states in the quark sector directly (e.g., 
the heavy quark T of the Littlest Higgs model) and study 
their decays [6, 16]. Here, we consider the information 
on this sector which low-energy observables can provide. 

1. While it production at threshold is dominated by 
QCD effects, continuum production of top pairs al- 
low for an accurate determination of the form fac- 
tors v t and at and thus provides a measurement of 
the operator coefficients fv q and fvt- The achiev- 
able accuracy is of the order 1-2 % [22, 30]. 

2. The same coefficients are probed by measurements 
of the tbW vertex in single-top production and in 
top decays. 

3. A measurement of the top Yukawa coupling (or the 
ratio gtm/gbbH) complements this by information 
on the scalar couplings to the top sector, i.e., the 

(3) 

coefficient fh q - Similar to fyy, this anomalous cou- 
pling contains a constant contribution which is not 
due to heavy-particle exchange, but a consequence 
of the nonlinear Goldstone nature of the Higgs bo- 
son. Here, a Linear Collider could reach a precision 
of up to 2.5% (depending on the Higgs mass) [22]. 

The sensitivity to the top-quark sector of Little Higgs 
models from low-energy observables is similar to the 
scalar sector. However, the prospects for direct measure- 
ments at the LHC are more favorable in this case due 
to the fact that new heavy quarks can be produced by 
strong interactions. 

VII. CONCLUSIONS 

Using the effective-theory formalism, we have given a 
complete account of the anomalous couplings that are 
present in Little Higgs models below the new-particle 
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threshold. In models without extra gauged U(l) groups, 
all present-day constraints on the parameter space are 
encoded in the parameters S and T and the coefficients 
of four-fermion contact interactions. If new U(l) vector 
bosons with non-canonical hypercharge assignments are 
present, they complicate this picture and introduce shifts 
in the individual Z- fermion couplings, so the electroweak 
fit has to be adapted accordingly. 

The existing constraints on S and T, if combined with 
the limits on contact interactions, push the expected 
scale F of the minimal Little Higgs model (the Littlest 
Higgs model in its original version) up to 4 TcV and 
higher, where for a scale less than about 5 TeV a high 
Higgs mass is necessary to fit the electroweak data. This 
lower limit is mainly caused by the large amount of custo- 
dial SU (2) violation in this model, and it can be evaded 
by a different treatment of the hypercharge sector. The 
limits on the S parameter are similarly constraining and 
restrict the mixing angles in the vector-boson sector. 

Beyond the electroweak precision observables which 
have been measured so far, new anomalous couplings 
exhibit traces of all sectors of the model. While some 
masses and couplings can be determined directly in the 
production and decay of heavy particles at the LHC, it 
becomes possible to derive the full structure of the model 
by combining this with precision measurements at a fu- 
ture Linear Collider. If the achievable precision is suf- 
ficient (this strongly depends on the actual value of the 
new-physics scale F), we will be able to check the cou- 
pling relations that are responsible for the cancellation 
of divergences and the nonlinear nature of the Higgs in- 
teractions, thus verifying or excluding the Little Higgs 
mechanism as the correct model of electroweak symme- 
try breaking. 
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APPENDIX A: THE EFFECTIVE LAGRANGIAN 

In this appendix we collect the dimension-six operators 
which are present in the low-energy theory after integrat- 
ing out the heavy degrees of freedom. The result can be 



written in the form 

+ f { vl0 VN -\{tf ) v + 2fP v )0' Js 

— %(fvw + 2/vb)Obw 

— 4:.fvwOw — 2.fvwO' ww 

— S/vbOb — 4/vbO' bb 

+ fh.lO' hl + fhhO'hh + fh,30'h,3 
+ fvqOvq + fvtOvt + fhqO' hq . 

For the operators, we adopt the basis of Ref. [10] with 
some minor modifications. The operators are defined as 



follows: 








= trj( 3 )'<V( 3 ), 


(A2a) 






(A2b) 






(A2c) 


O'js 


= (rfh-v 2 /2)(hU s + J f s h), 


(A2d) 


C ) RLT/" 

^ D VV 


= —B^W^h, 


(A2e) 




= i{D^W^{D v h), 


(A2f) 


o' ww 


= ~{h)h-v 2 /2)tvW tlv W tiV , 


(A2g) 




= % -{D,J^{D v h)B^, 


(A2h) 


O'bb 


= -h^h-v 2 /2)B tlv B^, 


(A2i) 




= ((D^h) (h\D»h)) - (v 2 /2)(D^(D»h), 






(A2j) 


o' hh 


= {}Jh-v 2 /2)({D ll h)\D»h)), 


(A2k) 


o' h , 3 


= l -{h^h-v 2 /2f, 


(A21) 


o Vq 


= hf T qL, 


(A2m) 


Ovt 




(A2n) 


o' hq 


= {h)h-v 2 /2) (i R h T q L +h.c), 


(A2o) 



where is the vector field 



V» = i [HD^ - [D„h)rf] (A3) 
with triplet and singlet parts 

V^=tvV^ vf)=^-ItrVv (A4) 

The triplet fermion current is the usual isospin 

current, Jy^ is the hypercharge current, and Jg is 
the fermion current coupled to the SM Higgs doublet. 
The exact form of the currents and is model- 
dependent. In Little Higgs models where only one U(l) 
gauge boson is coupled to fermions, Jn vanishes, and J^ 1 ' 
is proportional to the hypercharge current. 
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In the Littlest Higgs model, the values of the coeffi- 
cients in (Al) are 



f (3) 
J J J 

f (l) 
J J J 

fW 

JVN 

f(3) 
JVV 

f(l) 
JVV 



fvw 

fvB 
fh.l 



4c 4 
10 

_ ^2> 

5(c' 2 -s' 2 ) 

^2 

(l + 2c 2 )(c 2 -5 2 ) 1 

4F 2 6F 2 ' 

5(l + 2c' 2 -4a)(c' 2 - S ' 2 ) 



8F 2 

1 f (3) C 2 (C 2 -S 2 ) 

5(c' 2 -a)(c' 2 - S ' 2 ) 



25 
4/^ 



12JVJ 



2g' 2 F 2 



4A^ 

Mi : 



f. . - 3 f(3) +2 f (1) 



A, 3 — 



1 

3F 2 



(A5a) 
(A5b) 
(A5c) 
(A5d) 
(A5e) 
(A5f) 
(A5g) 
(A5h) 

(A5i) 
(A5j) 



fVq — p 2 > 

fvt = 0, 
t _ v^ A * 



t °t 



Ml 



(A5k) 
(A51) 

(A5m) 



while the expressions for the Coleman- Weinberg poten- 
tial parameters are given in (50-51e). The singlet current 
jW is given by 



4 1] = (c" 



a)4l + J« 



(A6) 



where Jm collects the terms that cannot be absorbed 
into the hypercharge current by shifting the parameter a. 
In the original version of the model [2], Jn and a both 
vanish. 
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